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Transition to turbulent thermal convection beyond RaÄ1010 detected in numerical simulations
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We have conducted high-resolution two-dimensional calculations for a Boussinesq convection model with a
Prandtl number of unity in an aspect-ratio 3 box, going from Rayleigh numbers between 108 to 1014. A grid of
102433076 grid points consisting of a cosine-sine basis set has been employed for free-slip boundary condi-
tions. We have found evidence for a transition involving the branching of plumes at a Rayleigh number of
1010. Inside the core of these ‘‘superplumes,’’ the structure is extremely complex. There may be another
transition at Ra of 1012, where a secondary instability may develop in regions of the local Rayleigh number
which becomes supercritical inside the core of the complex ‘‘superplumes.’’ For Ra of 108 to 1010, Ra follows
a 1

3 power law in the Nusselt-Rayleigh number relationship. From Ra of 1010 to 1012, Ra follows a1
2 power law.

Above this value the Nusselt number becomes insensitive to the variation in the global Rayleigh number and
this is due to the development of small-scale convection cells vertically aligned in the interior of the extremely
high Ra number flow. The global Reynolds number scales as Re'Ra1/4 up to Ra of 1014. Scaling relationships
based on global properties would not work in extremely high Ra situations beyond Ra of 1012 because of the
complex turbulent layered convection in the core of the flow and the severe degradation of the boundary layers.

PACS number~s!: 05.60.2k, 47.27.Te
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I. INTRODUCTION

The idea that Rayleigh-Benard convection may beco
turbulent at a high enough Rayleigh number is very
@1–3#. Discrete transitions of convection on its route to tu
bulence had been predicted by Malkus@4# long ago. Labora-
tory experiments of helium gas under low temperature c
ditions have revealed that a new fully turbulent regim
beyond that of the hard-turbulent regime@5#, may begin at
Ra'1010 @6# with a theoretical Nu~Ra! relationship of
Nu'Ra1/2 @3#. This transition is found to occur in mercur
for Ra'109 @7#. The Reynolds number of the flow keeps o
increasing with Ra@8#. The local Reynolds number in th
boundary layer reaches a value characteristic of turbulenc
the sense of Kolmogorov@9# and the heat transport is n
longer dominated by conduction alone in the boundary la
but also by turbulent advection. A theory for plume popu
tion based on kinetics@10# for three-dimensional~3D! con-
vection predicts a balance between the creation of plume
boundary-layer instability and their disappearance by c
lescing with other plumes. Such kinds of plume-plume c
lision at high Rayleigh number have been observed exp
mentally @11#. At low Rayleigh number plume merging i
also an important process@12#. In the atmosphere, where th
Rayleigh number is extremely high, plumes appear as
vertical motion of a swarm of warm bubbles. In dry isentr
pic vertically stratified media, such bubbles have been
served to be highly unstable, giving rise to a batch of s
ondary instabilities@13#. Another important distinction in
high Rayleigh number convection is the existence of
large-scale flow with its associated shear. This idea has b
postulated for high-Rayleigh-number convection@14# and is
observed in most laboratory experiments~e.g., Ref.@15#!. It
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is postulated to be at the heart of the Nu'Ra2/7 scaling law
@16#. The presence of a shear flow near the boundary la
would not change much of the heat flux@17# but in the case
of a forced recirculating flow near the boundary, the heat fl
was enhanced@18#. However, in numerical simulations with
periodic boundary conditions, no large-scale flow was o
served@19,20#.

In the laboratory with no-slip boundary conditions, th
thickness of the viscous boundary layer is found to decre
faster than the thickness of the thermal boundary layer w
increasing Ra. The crossover point is expected to occu
around Ra'1015 @15#, giving rise to the ‘‘turbulent Kraich-
nan’’ regime, where a significant part of the heat flux insi
the boundary layer is now transported mainly by turbulen
and only a small portion by conduction. In this regime, t
predicted laws are Nu'Ra1/2 and Re'Ra1/2 @3,7#. In order to
shed more light on this expected transition, we report in t
paper direct numerical simulations of 2D Rayleigh-Bena
convection with free-slip boundary conditions for Rayleig
numbers ranging from 108 to 1014. We feel that only by
reducing this high Ra problem to 2D are we able to mak
big leap in the Rayleigh number space to be able to obse
novel physical changes occurring in the turbulent regime.
make an equivalent leap in the direction of 3D high Rayle
number convection would surely mean a postponement w
into the first decade of the new millennium.

II. NUMERICAL MODEL AND ALGORITHM

The dimensionless equations describing finite Pran
number convection with constant physical properties in
Boussinesq approximation are

“•V50, ~1!
5241 ©2000 The American Physical Society
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1“•~VV !5PrDV2¹P1Pruez ~2!
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1“•~Vu!5Du1RaVzez, ~3!

wheret is the dimensionless time based on thermal diffusi
u is the deviation of the temperatureT from the linear con-
ductive profile (T5Tcond1u),V is the velocity, andez is the
vertical unit vector directed from the top to the bottom of t
fluid layer. Ra is the thermal Rayleigh number for a ba
heated configuration. A Prandtl number Pr of unity, char
teristic of air, has been assumed. We have used the follow
scaling scheme in presenting the results: the layer thickn
the thermal diffusive time and for the temperature differen
across the layer divided by the Rayleigh number. At ve
high Rayleigh numbers above 1010, non-Boussinesq effect
in thermal convection in air may be possible~e.g., Ref.@21#!.

The numerical method employed has already been
scribed in a previous work@22#. Basically this consists of a
series of cosine and sine expansion, which satisfies natu
the top and bottom free-slip boundary conditions. Tim
marching is accomplished by a mixed leap frog–Cran
Nicholson two-step pressure correction scheme. A hi
precision accuracy in the computer word length, at least

FIG. 1. Schematic drawing showing the development in
style of plumes ranging from steady-state plumes for low Rayle
numberO(105) to the turbulent regime where branching of plum
take place at global Ra greater than 1010.

FIG. 2. Snapshot of the temperature deviation taken from
Ra5108 simulation of Vincent and Yuen~1999!.
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bits long, is needed for these high Rayleigh number simu
tions, where the time steps must be very small.

III. RESULTS

Plumes, which are hot upwellings developed in therm
convection, change their style and morphology with incre
ing Rayleigh number. We summarize the various stages
plume development with Ra by a schematic sketch, depic
the different transitions of plume structures from steady-s
features at low Ra of around 105 to theP1 andP2 transitions
@23#, the chaotic regime@24#, the soft and hard turbulen
regime, which is marked by shear flow in the boundary la
and disconnected plumes@25,5,26# and finally to the turbu-
lent regime and the phenomenon of plume branching, wh
lies at the heart of this paper~Fig. 1!. Rayleigh-Benard con-
vection in air up to Ra'107 has been studied in many nu
merical experiments@19,20,27#. Laboratory experiments
have also been conducted at these Rayleigh numbers@7,6#.
We @22# have investigated numerically the development
waves in thermal convection at Ra5108. A snapshot of the
plume at this Ra is shown in Fig. 2. In Fig. 3 we show t
flow at Ra51010. We have used as the initial condition th

e
h

e

FIG. 3. Transition to turbulent convection. Sizes of the box a
Lx53 Lz51. The global Rayleigh number is Ra51010 and the
Prandtl number is Pr51. The numerical resolution isNx51536,
Nz5512 grid points.~a! Convective temperature field. Two supe
plumes or ‘‘turbulent plumes’’ are governing the flow. One ascen
ing ~left! and one descending~right!. ~b! Zoom of the center region
of the ascending ‘‘turbulent plume.’’ Small plumes appear near
core of the flow as a result of a complex mechanism including
severing of a plume by a vortex collision and the further lift of t
remaining plume patches by buoyancy and turbulent advection
Ra51010, there is a balance between turbulence and buoyancy~c!
Local Rayleigh number distribution Ra(x,z). Plume creation inside
the convective core is possible at two places@see arrows in~b! and
~c!# where Ra is supercritical.~d! Transverse vorticityv corre-
sponding to Fig. 1~a!.
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solution taken at the well-developed convective regime
Ra5108 @22# in order to save computer time. The numeric
solution is obtained by 512 points in the vertical and 15
grid points along the horizontal direction in an aspect-ra
three box.

The temperature fluctuation is plotted in Fig. 3~a!. Two
packs of plumes are present in this flow. Hot material
ascending on the left of the box, while the right part of t
box is filled with descending patches of cold fluid. Simil
‘‘superplumes’’ have been postulated by theorists in the c
vective envelopes inside stars@28#. Swarms of plumes
branching from a single plume have been observed in n
Newtonian mantle convection@29#. We have observed tha
they are not always present but appear intermittently.
instance, the superplume we are discussing has surviv
few overturn times and only after about 60 overturn-times
it destroyed. A zoom near the center of the ascending su
plume is shown in Fig. 3~b! and reveals the complicate
nature of the core. The Reynolds number is here above
51000 and the flow is now turbulent. The correspond
local Rayleigh number distribution Ra(x,z) is shown in Fig.
3~c!. The stripes associated with the plumehead are v
close to sites with the highest local Ra and, in fact, are
new internal thermal boundary layers developed in high

FIG. 4. Turbulent convection. Prandtl regime. Ra51014. The
numerical resolution isNx53072 Nz51024 grid points.~a! Con-
vective temperature field. Two superplumes or ‘‘turbulent plume
are still governing the flow. At Ra51014, buoyancy in the turbulen
interior dominates again.~b! Zoom of the center region of the as
cending ‘‘Turbulent plume.’’~c! The spatial distribution of the loca
Rayleigh number corresponding to Fig. 2~b!. Local Rayleigh num-
ber is calculated on the basis of the local temperature gradient
rounding a given grid point. Due to the very high Rayleigh numb
the plumes reaches a critical local Rayleigh and smaller plumes
generated inside the core of the global flow@see arrows in~b! and
~c!#. ~d! Transverse vorticityv distribution corresponding to Fig
2~a!.
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convection. The plumes are broken and collide under
inertial forces~see the vortices!. The corresponding vorticity
field is displayed in Fig. 3~d!. Thermal plumes are strongl
related to the concentration of vorticity@30#.

Next we increase the Rayleigh number up to 1014 by way
of an intermediate stop at Ra51012. The numerical resolu-
tion becomes nowNz510243Nx53076 grid points. Such a
high resolution will soon become common within the capa
ity of powerful personal computers where a shared mem
of a few gigabytes is the standard. The results are show
Fig. 4. Displaying such a high resolution overwhelms t
present-day monitor, but will not be the case soon wh
affordable high-resolution, high-content screens~e.g., IBM
Roentgen! with 5 million pixels will soon appear in the mar
ket. In Fig. 4~a!, are shown the temperature fluctuations a
for comparison with the Ra51010 case, the vorticity field is
shown at the bottom in Fig. 4~d!. As in the previous case, th
two superplumes are still governing the flow. A zoom of t
superplume thermal field is displayed in Fig. 4~b!. We can
observe the riverlike branching. Although the Reynol
number increases to a few thousands, buoyancy stro
dominates the flow. The local Rayleigh number may beco
supercritical for the instability to occur in some very r
stricted areas@see arrows in Fig. 4~c!# where the local tem-
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FIG. 5. ~a! Turbulent Reynolds number versus global Raylei
number. The scaling law is approximately Re'Ra1/4. ~b! Nusselt
number versus global Rayleigh number. The transition is detecte
Ra51010. Below this value, we have Nu'Ra1/3. Above Ra'1010 is
the turbulent regime. In free-slip convection, there are no visc
boundary layers but the whole layer including the core of the fl
may become turbulent. A part of the heat flux is now transported
turbulent diffusion. The scaling law is now Nu'Ra1/2. Above Ra
'1012, the Nusselt number does not change too much. Due to
very high Rayleigh number, the plumes reach a critical local R
leigh and smaller plumes are generated inside the core@Fig. 2~c!#.
This results in a temporary break of the vertical heat flux. T
Nusselt number remains almost constant, while the Rayleigh n
ber is increased. This transition is equivalent to an endother
phase transition, occuring in the turbulent interior of the flow.
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FIG. 6. Normalized temperature and velocity profiles inside the layer. Absolute value of temperature fluctuation profile^uuu& ~open circles!
and velocity profileŝ uVxu& ~short dashed!, ^uVzu& ~long dashed! are plotted simultaneously. The Rayleigh number is increased from
5108 to Ra51014. Transition occurs at Ra'1010. ~a! Ra5108. ^uVxu& and ^uuu& have minima in the turbulent core and maxima in t
boundary layers. It is the reverse for^uVzu&. ~b! Ra51010. ^uuu& is reversing and start to align witĥuVzu&. ~c! Ra51012. ~d! Ra51014. Now
^uuu& has exactly the same profile as^uVzu&. ^uuu& and^uVzu& have now maxima inside the turbulent core and minima near the boundary la
The buoyancy in the core of the turbulent flow dominates the flow.~e! Normalized temperature and velocity profiles inside the layer^u&,
^Vx&, ^uVzu& are plotted simultaneously showing the thermal boundary layers. The Rayleigh number is Ra51014. ~f! Measured thicknessdT
of the thermal boundary layer versus the Rayleigh number. Above Ra51010,dT does not change.
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perature gradients are strong enough. Experiments are un
way to verify that in such a case, smaller plumes are loc
generated. Such a physical phenomenon has been alr
observed in the atmosphere@13#. In this event, most of the
heat flux would be temporarily broken up in the core of t
cell and the global Nusselt number would become station
with increasing Ra.

In Fig. 5~a! we plot the turbulent Reynolds number
monotically increasing with Ra from 108 upwards. We find
Ra to be proportional to Ra1/4. The characteristic velocity fo
single plumes in the convective interior is still the free-f
velocity but the rms velocity behaves similar to the squ
root of the free-fall velocity. Turbulence moves plumes ra
domly as in a Levy flight~random walk!. The trend of the
Nusselt~Nu! versus the Rayleigh number holds much int
est for the characterization of hard-turbulent convection~e.g.,
Ref. @16#!, where the Nu, is found to be Ra2/7 for Ra up to
108. We have found that from Ra5108 to Ra51010, the
Priestley ‘‘13’’ scaling law @2# of Nu'Ra1/3 holds. Both ex-
er-
ly
ady

ry

e
-

-

perimental@31,32# and theoretical@33# works on air and wa-
ter have suggested the Nu'Ra1/3 in the turbulent regime be
yond Ra'109. From Ra51010 to Ra51012 we find the
‘‘turbulent’’ regime Nu'Ra1/2 @3#. Above this value, the
Nusselt number does not change much with Ra for the
sons already discussed in Fig. 4. This asymptotic relations
for Ra.1012 is displayed in Fig. 5~b!. This hydrodynamic
transition is analogous to an endothermic phase change
ing place globally in a turbulent interior.

In Fig. 6 we focus on another aspect of the Ra51010

transition mechanism by looking at the horizontally averag
temperature and velocity profiles. At Ra5108, in Fig. 6~a!
are plotted together the absolute values of normalized t
perature fluctuations profileuu(z)u and the two horizontally
averaged@horizontal uVx(z)u and verticaluVz(z)u# velocity
profiles ~absolute values!. uu(z)u is hot in the vicinity of the
top and bottom boundaries and rather cold in the cente
the box. The horizontal velocity has the same behavior.
the average, the velocity is strong near the boundaries
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weak in the core of the flow. With the free-slip bounda
conditions, there are no viscous sublayer but with the t
superplumes configuration, we have a large-scale flow in
of the box. TheuVz(z)u profile shows that the vertical veloc
ity is maximal near the turbulent core. At Ra51010 @Fig.
6~b!#, the situation is the same except that the tempera
profile starts to reverse. Somewhere, slightly below
51010 the cell would be almost entirely isothermal. In Fi
6~c! we observe the transition continuing for Ra51012. The
transition is finally achieved at Ra51014 where the tempera
ture profile matches almost exactly the vertical velocity p
file @Fig. 4~c!#. Over the entire domain and on the avera
the buoyancy in this regime governs the flow. The abo
results are not obvious when the absolute value is not ta
Typical velocity and temperature fluctuation profiles a
shown in Fig. 6~e!. The ^u& ~z! profile shows very thin
boundary layers but also internal sublayers and the^Vx& (z)
profile, as expected, does not show viscous boundary la
As the Rayleigh number is increased, the thickness of
thermal boundary layer stays almost constant@Fig. 6~f!#.

The high Reynolds number flow imposes a tw
dimensional turbulence and hence ak23 scaling law~e.g.,
Ref. @34# for both the kinetic energy and the temperatu
fluctuations over about a decade in wave number!. We dis-
play thisk23 dependence in Fig. 7 for Ra51014. Most of the
numerical resolution at this high Ra is used apparently
delineating the dissipative range.

In Fig. 8 we show, the horizontally averaged vertical te
perature gradient̂dT/dz&, where the brackets indicate a
horizontal average, for Ra ranging from 108 to 1014. As in
Fig. 6, we observe a transition in the pattern of the^dT/dz&
profile at Ra of 1010. At Ra51014, there are many steps i
^dT/dz& indicative of the prevalence of turbulent small-sca
layered convection, which can be observed in the ther
contours of the superplumes shown in Figs. 3 and 4.

IV. CONCLUSION AND OPEN QUESTIONS

In this paper we have shown for the first time, a picture
a ‘‘superplume’’ which may contribute a significant part
the heat flux in convective envelopes inside stars@28#. This
shows that it is now possible and necessary to test and
the large-eddy simulation technique@35# in convection be-

FIG. 7. Comparative spectra of thermal variance~–––! and ki-
netic energy~---! at Ra51014. The slope isk23, thus reflecting
two-dimensional turbulence and the tracerlike behavior of the t
perature fluctuations.
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cause we have enough resolution from DNS solutions.
cent work on finite Prandtl number convection by LES@8# is
encouraging for Ra up to 1010. Extending such a study to R
of 1014 still requires a nontrivial amount of effort in terms o
computational work and would be even more difficult
three dimensions.

As with the free-slip boundary conditions, we have fou
that there exist no viscous sublayers for these high Rayle
numbers. Therefore, the mechanism leading to the sca
laws in the turbulent regime remains still an open issue.

We have observed that a transition occurs at Ra'1010

where the~inertial! two-dimensional turbulence governs th
flow and that another transition occurs apparently at
'1012. At these Rayleigh numbers the buoyancy is again
dominating driving force and the vertical velocity is aligne
with the temperature fluctuations. The local Rayleigh nu
ber, which can be measured by the local temperature gr
ent, becomes supercritical in some areas and it is now
open question to determine whether such a condition wo

-

FIG. 8. The vertical profile of the horizontally averaged vertic
temperature gradient with varying Rayleigh numbers.~a! Ra
5108. ~b! Ra51010. ~c! Ra51012. ~d! Ra51014. For Ra of 1012 to
1014, we can see signs of layered convection by the series of s
in the profile.
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give rise to secondary convective instabilities in the interi
If this proves to be the case, then we may explain why

Nusselt number does not increase further when the Rayl
number is increased between Ra'1012 and Ra'1014. These
results concerning Nu~Ra! for Ra.1012, if valid, have strong
implications on the thermal evolution inside Jovian moo
such as Europa, whose Ra is very high@Ra'O(1017)# be-
cause of a deep ocean of water@36#. Our 2D results will
surely require verification from 3D simulations, but th
would follow suit in a long time.
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